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COMPANION CLUSTER ALGEBRAS TO A GENERALIZED CLUSTER ALGEBRA 


TOMOKI NAKANISHI AND DYLAN RUPEL 


Abstract. We study the c-vectors, g-vectors, and E-polynomials for generalized cluster algebras satisfying 
a normalization condition and a power condition recovering classical recursions and separation of additions 
formulas. We establish a relationship between the c-vectors, g-vectors, and E-polynomials of such a gener¬ 
alized cluster algebra and its (left- and right-) companion cluster algebras. Our main result states that the 
cluster variables and coefficients of the (left- and right-) companion cluster algebras can be recovered via a 
specialization of the E-polynomials. 


1. Introduction 

Cluster algebras have risen to prominence as the correct algebraic/combinatorial language for describing 
a certain class of recursive calculations. These recursions appear in many forms across various disciplines 
including Poisson geometry |GSV) , combinatorics |MP) , hyperbolic geometry |FG1 IFSTl IMSW) , representa¬ 
tion theory of associative algebras [CGI ICKl IBMRRTl IRll [Qj IR2) , mathematical physics |EF| , and quantum 
groups [Kl IGLSl |KQ[ IBRj . In the current standard theory a product of cluster variables, one known and one 
unknown, is equal to a binomial in other known quantities. Recently examples have emerged in the context 
of hyperbolic orbifolds |CS) , exact WKB analysis [IN] , and quantum groups [Gl IBGR) that require a more 
general setup: these binomial exchange relations should be replaced by polynomial exchange relations. 

The general study of such generalized cluster algebras was initiated by Ghekhov and Shapiro m where an 
analogue of the classical Laurent Phenomenon was established. Following these developments, the first author 
[N] studied the analogues of c-vectors, 5-vectors, and F-polynomials for a class of generalized cluster algebras 
satisfying a normalization condition and a reciprocity condition. In that work, relationships between these c- 
and 5-vectors with the corresponding quantities for certain companion cluster algebras were established. Our 
goal in the present paper is to extend these results to the case when the reciprocity condition is replaced by 
a weaker power condition and to clarify the corresponding relationships between E-polynomials, x-variables, 
and y-variables. The main message of this note, continuing from [N], is as follows: the generalized cluster 
algebras are as good and natural as ordinary cluster algebras. Also in this direction, analogues of the classical 
greedy bases from [LLZ] have been constructed for rank 2 generalized cluster algebras by the second author 

m- 

In order to state our main theorem we will need to fix some notation. A cluster algebra A(x, y, R) C E is 
defined recursively from the initial data of a seed (x, y, B) where y = (j/i,..., 5„) is a collection of elements 
from a semifield P, x = (xi,..., x„) is a collection of algebraically independent elements in a degree n purely 
transcendental extension T of QP (in particular, we may identify E with the rational function field QP(x)) 
where QP is the field of fractions of the group ring ZP, and B = (bij) is a skew-symmetrizable n x n matrix. 
A generalized cluster algebra A = A(x, y, R, Z) C E requires the additional data of a collection of exchange 
polynomials Z = (Zi,..., Zn) where 

Zi{u) = Zifi + Zi^iU -\ -h Zi^di-iu‘^'~^ + Zi,diU‘^' 

with each Zi^s S P and Zip = Zip^ = 1. Write z = (zi,s) (I<i<n, 0<s< di). 

Write D = (dAij) for the diagonal n xn matrix. Denote by x^/'^ the collection ..., in 

the extension field QP(x^/'^) of E. Define the left-companion cluster algebra ^ of A to be the cluster 
algebra A(x^/‘^, y, RR) C QP(x^/'^). Write (^x‘, ^y*, ^R*) for the seed associated to vertex < G T„ in the 
construction of fA and denote by ^c*, and ^Fj the c-vectors, 5-vectors, and E-polynomials of fA. 

Let z'^“ = (zj’™) where z^s = Then we write G E and G P for the variables 

obtained by applying equations (13.151) and (I3.14|) respectively using the specialized E-polynomials Ej(y, z*’™) 
in place of the generic E-polynomials Ej (y, z). Our first main result is the following. 
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Theorem 1.1. IFe have 

Denote by y*^ for the collection , • ■ ■, in P- Define the right-companion cluster algebra ^ of to 
be the cluster algebra .4(x, y^,BD) C QP(x). Write (^x‘, for the seed associated to vertex t GTn 

in the construction of (see Section [2] for details). 

Write £ T and y]\^_Q £ P for the variables obtained by applying equations (13.151) and p.l4l) 

respectively using the specialized F-polynomials Fj(y, 0 ) in place of the generic F-polynomials Fj(y, z). 
Our second main result is the following. 

Theorem 1.2. We have = ^x\ and (?/j~ ^2/j- 


2. Cluster Algebras 

A semifield is a multiplicative abelian group (P, •) together with an auxiliary addition 0 : P x P —i> P 
which is associative, commutative and satisfies the usual distributivity with the multiplication of P. Write 
ZP for the group ring of P. Since P is necessarily torsion-free (see e.g. [FZll Sec. 5]), ZP is a domain |FZ11 
Sec. 2] and we write QP for its field of fractions. There are two main examples of semifields that will be 
most relevant for our purposes. 


Example 2.1. 

(1) The universal semifield Qsf (j/i, ■ • ■, yn) is the set of rational functions in the variables yi,...,y„ 
which can be written in a subtraction-free form. Addition and multiplication in the universal semi¬ 
field are the ordinary operations on rational functions. The semifield Qsf(yi, ■ ■ ■ ,J/n) is universal in 
the following sense. Each element of Qsf(yi,. ■. ,yn) can be written as a ratio of positive polyno¬ 
mials in Z>o[yi,... ,yn\ so that for any other semifield P there is a specialization homomorphism 
Qsf(yi ,... ,yn) —t P, given by yi i—>■ pi and 1 i—>■ 1 , which respects the semifield structure for any 
choice of pi,... ,pn £ P. 

(2) The tropical semifield Trop(yi,..., y„) is the free (multiplicative) abelian group generated by j/i,..., y„ 
with auxiliary addition © defined by 

n n n 

n tf'® n =n 

j=i i=i i=i 

The group ring of P = Trop(yi,..., pn) is the Laurent polynomial ring ..., y^^] while QP = 

Q(yi, ■ • ■,yn)- 


Fix a semifield P and write !F = QP(wi ,... ,Wn) for the field of rational functions in algebraically inde¬ 
pendent variables wi,..., Wn- A (labeled) seed (x, y, B) over P consists of the following data: 

• an algebraically independent collection x = {xi, ..., x„), called a cluster, consisting of elements from 
jF called cluster variables or x-variables] 

• a collection y — {yi,..., y„) of elements from P called coefficients or y-variables; 

• an n X n skew-symmetrizable matrix B — (bij) called the exchange matrix. 

The main ingredient in the definition of a cluster algebra is the notion of mutation for seeds. For notational 
convenience we abbreviate [6]+ = max(6, 0). 


Definition 2.2. For 1 < fc < n we define the seed mutation in direction k by /^^(x, y, B) = (x', y', B') where 
• the cluster x' = {x'l,... ,x'„) is given by x' = Xt for i k and is determined using the exchange 


relation: 


( 2 . 1 ) 


Xj.Xk = 


n 

2=1 


[-bifc] + ^ ^ + yk 
1 © yfe 


X, 


, yfe = yfe n ’ 
2=1 


the coefficient tuple y' = (y(,..., y(j) is given by ^ and for j ^ fc we set 


y'j = 


— b, 


kj . 


( 2 . 2 ) 
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• the matrix B' = (6'^) is given by 


(2.3) 


bij 

bij {bik]+b}^j + 


if i = fc or j = A:; 
otherwise. 


Write T„ for the n-regular tree with edges labeled by the set {1,... ,n} so that the n edges emanating 

Ay 

from each vertex receive different labels. We write t — t' to denote two vertices t and t' of T„ connected by 
an edge labeled by k. A cluster pattern E over P is an assignment of a seed E* to each vertex t € T„ such 
that whenever t — t' we have /r^E* = E* , that is E* and E* are related by the seed mutation in direction 
k whenever t and t' are adjoined by an edge labeled by k. Fix a choice of initial vertex to, we will write 
E‘“ = (x, y, B) while for an arbitrary vertex t € T„ we write E‘ = (x‘,y‘,B‘) where 

x* = y* = = ( 6 ^). 

Note that every seed E* for t G T„ is uniquely determined once we have specified E*°. Moreover, it is 
important to note that the exchange matrices are independent of the initial choice of x and y. 


Definition 2.3. The cluster algebra A(x, y, B) is the ZP-subalgebra of J- generated by all cluster variables 
from seeds appearing in the cluster pattern E, more precisely 

A(x, y, B) = ZP[x- : t G T„, 1 < z < n] C B. 

A priori the most one can say about these constructions is that the cluster variables a;* admit a description 
as subtraction-free rational expressions in the cluster variables of x with coefficients in ZP and that the 
coefficients y* admit a description as subtraction-free rational expressions in Qsf(y)- More precisely, to see 
this claim for a:- we may, for each initial seed (x, y, B), 

• replace the x- and y-variables by formal indeterminates (which by abuse of notation we denote by 
the same symbols); 

• replace the semifield P by the tropical semifield Trop(y); 

• replace IF by Q(x, y) and opt to perform all calculations here. 

Since no subtraction occurs in the recursions (EB, we obtain in this way X-funetions Xf G Qsf(x, y). 
Alternatively performing the ?/-mutations (j2.2l) inside Qsf(y) we obtain Y-funetions Yj G Qsf(y)- By the 
universality of the semifield Qsf(y) we may recover the original coefficient j/* by the specialization Yj^^. 

n c* 

Taking this specialization where P = Trop(y) we obtain monomials Fjliv ( ) ~Y[ where we write C* 

i=i 

for the resulting matrix whose columns c* G Z" are called c-vectors. Note that the c-vectors only depend on 
the initial exchange matrix B and not on the choice of initial cluster x. 


Proposition 2.4. 


[FZ41 Eq. 5.9] The c-vectors satisfy the following reeurrenee relation for t — t': 


(2.4) 


-4k ifj = k; 

4j + 4kHj]+ + [-4k]+K3 ifj 4 k. 


Obtaining the cluster variable x\ from A* is more interesting and will be discussed further below. As 
a first step toward this goal, we note that the cluster algebra A admits the following remarkable “Laurent 
Phenomenon”. 


Theorem 2.5. |FZ11 Th. 3.1] Fix an initial seed (x, y,B) over a semifield P. For any vertex t G T„ each 
cluster variable x\ can be expressed as a Laurent polynomial in x with coefficients in ZP. 

For a seed (x, y, B) over P = Trop(y) we may apply Theorem l2.5l to write each A-function as an element 
of Z[x^^,y^^]. Moreover, z/-variables never appear in the denominators of the A-functions. 

Proposition 2.6. [FZ41 Prop. 3.6] Eaeh X-function Xj is contained in Z[x^^,y]. 

In fact, the A-functions are homogeneous with repect to a certain Z"-grading on Z[x^^, y]. Write hj G Z" 
for the column of B. 
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Proposition 2.7. [FZ4[ Prop. 6.1, Prop. 6.6] Under the lU-grading 

deg(a::i) = Oi and deg{yj) = -bj, 

n 

each X-function is homogeneous and we write deg (-^j) = gj = X] Moreover, these g-vectors satisfy 

i—1 

k 

the following recurrence relation for t — t': 

{dlj 

~ I -alk + E 9\A-^\k]+ - E ^iJ-ck]+ */j = k. 

K 1=1 i=l 


Following Proposition 12.61 we may define F-polynomials Fffy) € Z[y] via the specialization Ff{y) = 
X*(l,y), i.e. by setting all initial cluster variables Xj to 1. The F-polynomials satisfy a recurrence relation 
analogous to m- 


Proposition 2.8. 


[FZ4[ Prop. 5.1] The F-polynomials satisfy the following recurrence relation for t — t': 


( 2 . 6 ) 


3 







2=1 


l+l[yf>^{Ffy 


2=1 


if j A k; 
iff = k. 


Notice that each F-polynomial admits an expression as a subtraction-free rational expression and thus 
may be considered as an element of Qsf (y); in particular the specialization F/|p makes sense for any semifield 
P. With this we may obtain a description of the j/-variables in terms of the c-vectors and the specializations 
of the F-polynomials. 


Theorem 2.9. |FZ4[ Prop. 3.13] Fix an initial seed (x, y, F) over a semifield P. For any vertex t G T„ 
each coefficient y* of Afx.,y,B) can be computed as 



Finally, we obtain a “separation of additions” formula for the cluster variables x\ in terms of the g-vectors 
and the F-polynomials. 


Theorem 2.10. |FZ41 Cor. 6.3] Fix an initial seed (x, y, B) over a semifield P. For any vertex t S T„ each 
cluster variable x* of A{x.,y,B) can be computed as 





riUy) 

dlr(y)' 


3. Generalized Cluster Algebras 


Let (x, y, B) be a seed over the semifield P. Fix a collection Z = {Zi, ..., Z„) of positive degree exchange 
polynomials 

Z^{u) = Zip + H-h F Zip.u‘^' e ZP[m] 

such that Zi^s G P for 0 < s < di and ztp = Zip. = 1. It will often be convenient to write z = (zi^s) with 
1 < i < n and 0 < s < di for the coefficients of the polynomials Zi. Write Zi{u) = u‘^'Zi{u~^) for the 
exchange polynomial with coefficients reversed. Together we call E = (x, y, B, Z) a generalized seed over P. 
The additional data of the polynomials Z allows to generalize the notion of seed mutation in such a way that 
all nice properties and constructions related to cluster algebras in section [2] carry over to the new setting. 


Definition 3.1. For 1 < fc < n we define the generalized seed mutation in direction k by /rfe(x, y, F,Z) = 
(x',y',F', Z') where 

• the cluster x' = [x'l,... ,x'„) is given by x' = Xi for i k and x'f. is determined using the exchange 
relation: 


XkXk 



n 

yfe=2/fc n ! 

2=1 


(3.1) 
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• the coefficient tuple y' = {y[,... ,y'^) is given by y'j^= y^^ and for j ^ k we set 

(3.2) 

• the matrix B' = (6'^ ) is given by 


(3.3) 


bij 

bij {bik\+di^b}ij + bif^dk{ 


if i = fc or j = fc; 
otherwise. 


• the exchange polynomials Z' = (Z(, ..., Z'^) are given by = Zt iov i ^ k and = Zk, writing 
this relation purely in terms of coefficients gives z'j. = Zi^s ior i ^ k and z'k g = Zk.dk-s- 


One may easily check that the y-variables mutate in the same way as the y-variables, namely y'k = TJk^ 
and for j ^ k we have 

(3.4) y'j=yj{yt’‘f'‘'^^Zk{n^. 

As a first indication that this definition is correct we verify that = S. 


Proposition 3.2. The generalized seed mutation yk is involutive. 


Proof. Let (x', y', B', Z') = ^fc(x, y, B, Z) and write (x", y", B", Z") = yki^', y^ B' , Z'). To begin note that 


= x[ = Xi for i ^ k and (yQ ^ = yk- Then x'f is given by 




=v(n(“=* 




/ Zklmiy'k) 


Mu 




[bik] + —bik 


dk 


Zk{yk 




Jbik 


l-bi*.]- 


yk'^’^Zkjm) 

yk'^’’Zk\p(.yk) 

Zkjyk) 
ZklMyk) 


dk 


= Xk- 


'^kj 


= yp 


__ Zk\i^{yk) Xj. __ 

Also y'l = {y'k)~^ = yk, while for j ^ k we have 

y” = y',{{yM^^f^^^^ZkliyM-^'^ = Zkliyk)-’’^^ 

To see that the matrix mutation is involutive notice that we may apply the classical matrix mutation 
(12.31) to obtain exchange matrices (DB)' and {BD)' where D = {dMij). Then it is immediate from (13.31) 
that we have DB' — {DB)' and B'D = {BD)', the involutivity of matrix mutation (13.31) follows. Finally the 
equality Z" = Z is immediate from the definitions. □ 


The generalized seeds and their mutations we have defined here are a specialization of the setup in |CS) . 
There a generalized seed over P is a triple (x, p,i3) where x is a cluster, B is an exchange matrix, and 
P = (Pi,s)j where 1 < i < n and 0 < s < di, is a collection of elements of P. The mutation /ife(x, p, B) = 
(x', p', S') is given by replacing m with 

dk dk 


(3.5) x'^.Xk = 

and by replacing (j3.2l) with 

P'k,s = Pk,dk-s and 


w'fe = n‘ 


s=0 


2=1 

Pxs _ 

Pj,s j 


Pj,o 

PjP 

"v Pk,0 ) 


sbkj 

Pk,0 


Our generalized seed mutations can be related to the more general setting of [CSj by defining 


(3.6) 

where we note the identities 


Pi,s = 


Zi,sy° 


Zi Ip(yi ) 
= l and 


s=0 


Pi,0 


= Pi 


Proposition 3.3. Generalized seeds of the form (x, y, S,Z) are in bijection with generalized seeds of the 
form (x, p,S) satisfying 
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di 

(1) (normalization condition) ® pi,s = 1; 

s=0 

(2) (power condition) = yf' for some yi G P. 
Moreover, this bijection is compatible with mutations. 


Remark 3.4. Such yi as in (2) is unique since P is torsion-free, i.e. if {y()^' = yf' then = 1 and so 


^ = 1 . 

Vi 


Proof. For a generalized seed (x, y, B, Z) define pt^s as in (l?^ . Write = //fc(x,y, Z) and 

again use ( 1 ^ to define pj ^ in terms of this seed. Then we have 


Pk.s 


z'k,sWkY 

^Av^y'k) % Zk\^{yk) 


Zk,dk-syi~ 


dk —s 

Zk.d^-sVk 


— Pk,dk — s 


while for j ^ k we have 


p'j,s YAvdY 




= ^ns[yAyt^f"''^ZkAyk) 


bkj 1 _ Pj.s ( Pk,dk 


Pj,0 \ Pk,Q 




:jJ + 


sbkj 

Pk,0 


P'j.o Z.liyl) z',0 

as desired. 

Conversely, let (x, p, R) be a generalized seed satisfying (1) and (2) where we define yi using (2). Set 
Zi,s = that the definitions immediately imply zqo = -Zqdi = 1- Since pqs = Zi^sylpip, by the 


normalization condition we have q = .^i|p(pi) where we write Zi = ZipPZipu-\- ■ ■ ■ + Zip^-iu'^' ^ +Zipm'^'. 
Write (x', p', B') = /rfc(x, p, B) so that we may define y[ and z' ^ as above using this generalized seed. Then 
we have 

p'kp p>^,dk 

while for j ^ k we have 


_ Pndj / Pk,dk 

^ P'j,o Pj,o V Pk,0 


djlbki] + 


Pk,A = (yj{yt^f'''^Zk\Yyk) 


\ bkj 


SO the coefficients mutate as desired. Similarly we have 

, P'k,s 
P'k,o 


/ / /\—sPk,s sPk,dk—s sPk,dk—8 Pk,0 s dk—s -dk 

Zk,8 = {yk) — = yk - = yk - = ykyk zk,dk-8yk = zk,dk-8 


Pk,dk 


Pk,0 Pk.dk 


and for j ^ k we have 


= (y'j) = iyjiyt^y^^'^^Zklpiyk) 

Pj,0 


-bkj ) I Pk,dk 

Pj,0 V Pk,0 


4bkj 


8bkj 

Pk,o =z:j,8 


as desired. 


□ 


A generalized cluster pattern S over P is in assignment of a generalized seed E* to each vertex t S T„ 

k f 

such that whenever t — t' we have /ifcS* = E* . As for cluster algebras, the entire generalized cluster pattern 
E is uniquely determined from any choice of initial seed E*° = (x, y,R,Z). We maintain the notation 
= (x‘, y‘, R‘, Z‘) from above where we write Z‘ = (Z*,..., Z^). 

Definition 3.5. The generalized cluster algebra A = A(x, y, R,Z) is the ZP-subalgebra of T generated by 
all cluster variables from seeds appearing in the generalized cluster pattern E, more precisely 

A(x, y, B, Z) = ZP[a:* : t € Tji, 1 < i < n] C 

The main feature of cluster algebras to which one might attribute their ubiquity is the Laurent Phe¬ 
nomenon, a first indication that generalized cluster algebras will find themselves as useful is the following 
consequence of Proposition 1531 and |CS[ Th. 2.5]. 

Corollary 3.6. Fix an initial generalized seed (x, y, R,Z) over a semifield P. For any vertex t € T„ each 
cluster variable x\ can be expressed as a Laurent polynomial of x with coefficients in ZP. 
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Example 3.7. Consider the rank 2 generalized seed (x,y,_B,Z) over P where x = {xi,X 2 ), y = {yi,y 2 ), 
0 -1 " 

1 0 


B = 


and Z = {Zi,Z 2 ) where Zi{u) = 1 + ziu + Z 2 y? + v? and Z 2 {u) = 1 + u. In this case 

we have yi = yiX 2 and y 2 = y 2 Xi^. Write S(l) = (x(l), y(l), _B(1), Z(l)) for the initial generalized seed 
(x, y, B, Z) and define seeds E(t) for t = 2,..., 9 inductively via the alternating mutation sequence below: 

(3.7) S(l) S(2) E(3) ^ E(4) E(5) S(6) ^ S(7) E(8) E(9). 

Then the exchange matrices and exchange polynomials of these generalized seeds are given by 


B{t) = Z2{t) = Z2, 


and Z.(t) = i£' 

\Zi if t is even. 


The resulting cluster variables and coefficients are presented in Table 1. 

Following the same formal procedure as in section [2l we may define X-functions Xj G Qsf(x, y,z) and 
Y-functions Yj G Qsf(y, z) by computing x* and y\, respectively, in the field Q(x, y, z) where x, y, and 
z represent collections of formal indeterminates. Using that Zi^ = Zi^di = 1, the specialization of the Y- 

" c* • 

functions in the tropical semifield P = Trop(y,z) again produces monomials “0 where we 

i—1 

write C* for the resulting matrix whose columns c* G Z" we continue to call c-vectors. 

•—I k 

Proposition 3.8. (cf. [Nj Prop. 3.8]j The c-vectors satisfy the following recurrence relation for t — t': 

-elk ifj = k; 

4j + cl^^[dkby+ + iff k. 


(3.8) 


c‘' = 


Remark 3.9. It immediately follows that the c-vectors of yl(x, y,B,Z) do not depend on the choice of 
exchange polynomials Z, only their degrees. 

As in section [5] the X-functions become particularly nice. 

Proposition 3.10. (cf. (N) Prop. 3.3]) Each X-function Xf is contained in Z[x=*=^, y, z]. 

Using essentially the same Z"-grading these X-functions will once again be homogeneous. 

Proposition 3.11. (cf. [Nj Prop. 3.15]j Under the IT'-grading 


deg{xi) = ei, deg(yj) = -h^ 


and 


deg(zi,s) = 0, 


n 


each X-function is homogeneous and we write deg (Xj) = gj = X! Moreover, these g-vectors satisfy 

2 = 1 

1., 


the following recurrence relation for t — t': 


f' 

9^J = 


9% 

n n 

-9lk + E 9u[-bikdk]+ - E bl([-cl^dk]+ iff = k. 

£=i 


Remark 3.12. It immediately follows that the (^-vectors of A{x,y,B, Z) also do not depend on the choice 
of exchange polynomials Z, only their degrees. 

Continuing to follow the developments of section [5] we may define B-polynomials F({y,z) G Z[y,z] by 
specializing all cluster variables Xi to 1 in the X-functions, i.e. F/(y, z) = X‘(l,y, z). 

Proposition 3.13. (cf. [Nl Prop. 3.12]^ The F-polynomials satisfy the following recurrence relation for 
t —t': 


(3.9) 


F*' = 

3 


3 


Tir'in 


y^ 




l-bUh 


dk 


Zk{ 


2 = 1 


if 3 7^ k; 
if 3 = k. 


The coefficients y] can still be computed using the c-vectors and B-polynomials. 
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= Xi 

= X2 

_ -1 i+ziyi+z2yl+yi 

1 i®ziyi®z2y't'Syi 
= X2 

_ -1 l+ziyi+Z2yf+yl 

1 l®ziyi®Z2y'i®yi 

_ -1 i+y2+ziyiy2+z2yly2+yly2 

2 l®y2<Sziyiy2®z2y'fy2®yfy2 


fyi(i) = yi 
[ 2 / 2 ( 1 ) = y2 

[2/1(2) = 

[2/2(2) = 2/2(1 © ziyi © Z2yl © 2/1) 

f 2/1(3) = 2 /r^(l ® 2/2 © 2 i2/i2/2 © ^22/i 2/2 © 2/12/2) 
[2/2(3) = 2/^\l © Z12/1 © Z2yj © 2/1)“^ 


i©3j/2©3y2®y2®22iyiy2e42ii/ii/2©2ziyiy2®22y?y2©25‘?/?y2®322yJj/2®^i?/il'2®222yJj/2 

. 'I ,®2 

_ ^-1 i+;; 2 +ziyiy 2 +z 2 yfy 2 +g?y 2 
2 I®y2®ziyiy2®z2y'ly2®y'iy2 




2/1(4) = 2/1(1 ©2/2 © 012/12/2 © 022/i2/2 ©2/12/2)“^ 

^ 2 ( 4 ) = 2/r^% ^(1 © 31/2 © 32/i © 2/i © 20iyi2/2 © 40i2/i2/| © 20i2/i2/i 
®z2yly2 © 2 : 12 / 12/2 © 3022/i2/2 © © 2022 / 12/2 

© 2 : 1022 / 12/2 © 201022 / 12/2 © 32/i2/i © 22 / 12/2 
© 2 :iyt 2/2 © 22 : 12 /^ 2/2 © 2 ;| 2 /t 2/2 © 2022 / 12/2 © ^ 12 / 1 ) 


-3 +3y?y|+zi22y?yi+2y?y^+2ziZ2y?g^+ziytyi+2ziyty^+z^t/ft/^+2z2y?y^+y?y^ 

^ 2 i©3j/2©3^2©^ 2©2^1 yiy2®42i!/ii/2®2ziyi^2®22yj:y2®25‘?/5:^2®322yj:j/2®^i?/ii'2®2z2yj'y2 

®3yii/2®^i^2yiy2®2y?y2®2ziZ2y?y2®2:iy^y2®2ziyN2®^2i'ii'2®2z2yiy2®yiy2 
-2 i+2j/2+j/2+ziyiy2+zij/iy2+^2yiy2+yiy2 

1 2 l®2y2®y'i®ziyiy2®ziyiy'^®Z2y'(y'i®y^y'i 

2/1(5) = 2 /r^ 2 /^^(l © 22/2 © 2/2 © ^12/12/2 © 2:12/12/2 © ^22/12/2 © 2/12/2) 
2/2(5) = 2/12/2(1 © 32/2 © 32/1 © 2/2 © 2012 / 12/2 © 40 i 2 /i 2 /i © 2012/12/2 
®z2yly2 © 2 :iyi 2 /i © ^Z2ylyl © zlylyl © 2z2ylyl 
©32/i2/2 © ziZ2yiyl © 2ylyl © 201022 / 12/2 
®ziy\yl © 2ziy\yl © ^ 22 / 12/2 © 22 : 22 / 12/2 © ^ 12 / 2 )”^ 

2 -3 i+3j/2+3j/2+y2+ziyiy2+2ziyii/2+zij/iy2+^2yiy2+z2yiy2+yi//2 

1 2 l©3j/2®3y^®y^®zij/ii/2®2ziyiy|©ziyiy|©Z2yj:i/2®^2l'il'2®l'il'2 


— ^ ^-2 i+ 2 j/ 2 +y 2 +z:iyiy 2 +zij/ij/ 2 +-^ 2 yiy 2 +yiy 2 
^®‘2y2®yi®ziyiy2®ziyiyl®z2yly'i®yiyl 


= Xia :2 


2/1(6) = 2/?2/2(l © 22/2 © 2/2 © 2:12/12/2 © ziyiyl © 022/?2/2 © 2/12/1)”^ 
2/2(6) = 2/r^2/^^(l © 32/2 © 32/i © 2/2 © 2:12/12/2 © 2012/12/1 © 212/12/2 

©22yf 2/1 © 22yf 2/1 © 2/?2/i) 



2„-3 l+^y2+^yl+yl+ziyiy2+2ziyiyl+ziyiyl+z2y^y2+z2y^yl+y'^yl 

1 2 I®3y2®3y|®y|®ziyiy2®2ziyiy|®ziyiy|®z2yjy|®z2yjy|®yjy| 

-1 i+m 


= X 1 X 2 


l®J/2 


2/1(7) = 2/1 2/2 (1©2/2) 

2/2(7) = 2/12/2(1 © 32/2 © 32 /i © 2/2 © ziyiy2 © 2ziyiyl © ^i2/i2/2 


© 2 : 22 /? 2/1 © ^ 22 /f 2/1 © 2 /? 2 /|) ^ 

2/12/2(1 © 2/2)“^ 

2 / 2 "^ 

2/1 

y2 



= xi 


xi(9) 

2 : 2 ( 9 ) 


^- 1 i+ii 

■^l '^2 l©y 2 


Xi 

X2 


2 / 1 ( 8 ) = 

y2is) = 

2/1(9) = 

2/2(9) = 


Table 1. Cluster variables and coefficients for the mutation sequence (EH). 

















COMPANION CLUSTER ALGEBRAS TO A GENERALIZED CLUSTER ALGEBRA 


9 


Theorem 3.14. (cf. [Nl Th. 3.23]^ Fix an initial generalized seed (x,y, i?, Z) over a semifieldF. For any 
vertex i G T„ each coefficient y* of A{'x, y, B, Z) can be computed as 


(3.10) 


2/1 = 


2=1 


“(n^'onL'Ky.-)* 


Finally the separation of additions formula still holds for cluster variables of .4,(x, y, B, Z). 


Theorem 3.15. (cf. [NJ Th. 3.24]j Fix an initial generalized seed (x, y, i?, Z) over a semifieldF. For any 
vertex t € T„ each cluster variable x* of A{x,y,B,Z) can be computed as 


(3.11) 





n 

where = ykY\_ ■ 

i=l 


Example 3.16. Following Theorems 13.141 and 13.151 we may immediately extract the C-matrix, G-matrix, 
and F-polynomials associated to each of the seeds E(t) in Example 13.71 Writing C{t), G{t), and F{t) for 
these quantities associated to the generalized seed E(t) we obtain Table 2. 


4. Companion Cluster Algebras 

Fix an initial generalized seed (x, y, B, Z) over a semifield P. Write D = [dAij) where di is the degree of 
the exchange polynomial Zi. 

Denote by ^x x^/'^ the collection ■ • • ,^a;„) := ,... in the extension field QP(x^/‘^) 

of QP(x). For clarity we also write ^y = y, i.e. = pj. Define the left-companion cluster algebra fA of 
A to be A(^x, ^y, DB) C QP(x^/‘^). Write (^x*, ^y*, ^B*) for the seed associated to vertex t S Tji in the 
construction of fA and denote by ^g*, and ^F* the c-vectors, 5-vectors, and B-polynomials of fA. 

Write ^x = x, i.e. = Xi, and denote by := y'^ the collection (^ 1 ,..., ^„) = {yf^, ■. ■, 2/)(”). Define 
the right-companion cluster algebra ^ of A to be A{^x,^y, BD) C QP(x). Write (-^x*, ^y*,-^B*) for the 
seed associated to vertex t S T„ in the construction of ^ and denote by Vj, and ^F* the c-vectors, 
g-vectors, and B-polynomials of '^4. 

We immediately obtain the following result as a consequence of Proposition 12.41 and Proposition 13.81 (cf. 
[Nl Props. 3.9 and 3.10]). 

Corollary 4.1. The c-vectors of the generalized cluster algebra A(x, y, B, Z) coincide with the c-vectors of 
its left-companion cluster algebra ,y, DB) while the c-vectors of its right-companion cluster algebra 

A(x,y‘^,BB) can be obtained from those o/A(x,y,B,Z) by the transformation Vj = d^c\jdj. 

Similarly the following result is an immediate consequence of Proposition 12.71 and Proposition 13.111 (cf. 
[Nl Props. 3.16 and 3.17]). 

Corollary 4.2. The g-vectors of the generalized cluster algebra A(x, y, B,Z) coincide with the g-vectors 
of its right-companion cluster algebra A{x,y’^,BD) while the g-vectors of its left-companion cluster algebra 
A(x^/'^, y, BB) can be obtained from those o/A(x, y,B,Z) by the transformation ^g‘ = digljdJ^. 

We see from Corollary 14.11 and Corollary 14.21 that the c- and g-vectors of the generalized cluster algebra 
A(x, y, B, Z) are intimately related to those of its left- and right-companion cluster algebras. The same is 
true for B-polynomials, however the precise relationship for left- and right-companions are very different. 
We begin with the left-companion. For 1 < i < n and 0 < s < di we will write z*’'” = where 

^bin ^ g 

Proposition 4.3. Let (x, y, B, Z) be a generalized seed over P. For any t &Tn o-nd any 1 < j < n we have 
the following equalities m Qsf(y) a^dQsf(x, y) respectively: 

(4.1) B;(y,z“")=^B‘(V)"^ and B‘(y, z“") = ^B* (^)"^ 

where ^pt = y^ and % = pi. 
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C^( 1 )=(J ?), G(l) 

C(2)=(“jj 5), G(2) 

^(3) = ("o _“ ) , G(3) 

^(4)=(J G(4) 

C'(5)=(:i G{5) 

C'( 6 )=(J G( 6 ) 

C'(7)=(:J 2 )’ ^-(7) 

C'( 8 )=(J_“), G( 8 ) 

C^(9)=(J J), G(9) 






|A(1) = 1 

\f 2 ( 1 ) = 1 

fFi(2) = 1 + ziyi + Z 2 yf + yf 

\f2{2) = 1 

fFi(3) = 1 + ziyi + Z 2 yf + yf 
1 ^ 2 ( 3 ) = 1 + y2 + ziyiy2 + Z2vly2 + vlyi 
Fi(4) = 1 + 3?/2 + iyl + yf + 221^1^2 + 4ziyiy| + 2ziyiyl 
+Z2yly2 + zlylyl + 3z2yfy2 + zjyjy^ + 2z2ylyl 

< +ziZ2yiyl + 2zi 22^1^2 + + “^ViV^ 

+ziyfy 2 + ‘^ziyfyl + zlyfyl + 202 ^ 1^2 + ^ 1^2 

^ 2 ( 4 ) = 1 + 2/2 + ziyiy2 + Z2yly2 + yly2 
Fi(5) = 1 + 3y2 + 3y| + yf + 22:iyiy2 + 4ziyiy| + 2ziyiyl 
+Z2yly2 + zlylyl + 3z2ylyl + zfyly^ + 2z2yly2 

< +ziZ 2 yiyl + 2ziZ2yiy2 + 3y?y| + 2yfy| 

+^iyiy2 + ‘^z^iyfyl + ^lyfyf + 2z2ylyl + yfyl 

^ 2 ( 5 ) = 1 + 2?/2 + y| + Ziyiy2 + Ziyiyl + Z2ylyl + yfyl 

{ Fi(6) = l + 3y2 + 3y| + yf + ^iyiy 2 + 2ziyiy| + ziyiyf 
+ 22 y?yi + 22 y?y| + yf yf 

7 ^ 2 ( 6 ) = 1 + 22/2 + y| + 2 :i 2 /iy 2 + ^lyiyi + 2 : 2 y?yi + yfyf 
f 7 ^ 1 ( 7 ) = 1 + 3y2 + 3y| + y| + 2 :iyiy 2 + 2ziyiy| + ^lyiyf 
s +Z2yly2 + Z2ylyl + ylyl 

[F2(7) = l + y2 


(I 1 \ [ 7 ^ 1 ( 8 ) = 1 

Vo -lyl’ \7^2(8) = l + y 2 

(I 0 \ f 7 ^i( 9 ) = l 

Vo ly’ [ 7 ^ 2 ( 9 ) = 1 


Table 2. G-matrices, G-matrices, and T-polynomials for the mutation sequence dSIl). 


Proof. We will proceed by induction on the distance from tg to t in T„. To begin, note that by definition 
have = x, = xf so that = 1 = ^F*°, in particular F^° = Consider 


we 


t — t' with t' further from to than t and suppose Fj = for all j. Then by Proposition 12.81 and 

Proposition 13 .1 31 we see for j ^ k that Fj' = Fj = while taking j = k we have 


= ((fo)-‘ (n (1+ n vi'-MT)**") 


dk 


((M) 


dk 


= {n 


n 


n 

n 

2=1 


yi 


{{"ny 


l-blk]- 


dk dk 




[-blk]- 


2 = 1 

t' z',, „bin\ 


dk dk 

E 

s=0 


dk 


E 

s=0 
n 


n . 


2=1 
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where we used Corollarv l4.1l in the third equality above. It follows by induction that Fj{y, z*’'") = ^ 

n ^ n cl b 

for all t € Tn and 1 < j < n. Note that yj = yj = ^Vj 0 — ^Vj so that substituting the 


i=l 

variables i/j into this identity gives Fj[y, z'^™) = ^ for all t G T„ and 1 < j < n. 


□ 


for the variables obtained by applying equations (13.151) and p.l4l) 
respectively using the specialized F-polynomials FUy, z'^™) in place of the generic F-polynomials FUy, z). 


Write X* I tin 


G F and 


Theorem 4.4. We have 




Proof. For coefficients we apply Theorem 12.91 and Theorem 13.141 along with Corollary 14.II to get 


'•»'=( n % 


n = n»;■' n =»;■ 

i^l '' ^ 2^1 / 2 = 1 

To finish, we may apply Theorem 12.101 and Theorem [345] along with Corollary 14.21 to get 




f- Ii 




n 

n 

2=1 




n 




n 

2=1 


T‘|,(V) ' 

qL(y,z“”) 


3ij \ ^ j \t 


FFjy,2'='’^) 


= x]. 


□ 


Example 4.5. As an illustration of Corollaries 14.11 and 14.21 as well as Theorem 14.41 we now present the 
C-matrices, G-matrices, and F-polynomials for the left companion cluster algebra in Table 3 from which 
we invite the reader to directly verify these results. 

To state a relationship between a generalized cluster algebra and its right-companion we need the following 
analogue of Proposition l4.3l 

Proposition 4.6. Let (x, y, S, Z) he a generalized seed over P. For any t €Tn o-nd any 1 < j < n we have 
the following equalities m Qsf(y) a^dQsf(x, y) respectively: 


(4.2) 


F,‘(y, 0) = and Fj(y, 0) = ^Fj(^), 


where = yf' and ^iji = yf' 

Proof. We will proceed by induction on the distance from to to t in T„. To begin, note that by definition we 
have Fj° = 1 = . Consider t — t' with t' further from to than t and suppose Fj = for all j. Then 

by Proposition 12.81 and Proposition 13.131 we see for j ^ k that Fj = Fj = ^F* = ^Fj while taking j = k we 
have 


Rrpt 


/ n X. z n 

'("y) = (•‘nyf n (i+n 


2=1 / ^ 2 = 1 

\ / ^ 

,-1/ TT W 

2=1 ^ 2=1 

\ dk / ^. \ dk'' 

,-1/ T-r A + ( ny[-(F‘)'’- 


= iFkr'll[y 


= iFl) (Y[y^ 


2=1 


2=1 


= Fl{y,o). 


It follows by induction that Fj(y, 0) = ^Fj(^) for all t G T„ and 1 < j < n. Finally notice that 

22 h ri W 

^3 — n ^ = y/ Y\ ^ = y/ so that substituting the variables yj into this identity gives 

2=1 2=1 

Fj(y, 0) = ^Fj(^) for all t G T„ and 1 < j < n. □ 
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Y(i) = 
Y(2) = 

Y(3) = 
Y(4) = 

Y(5) = 

Y(6) = 

Y(7) = 

Y(8) = 

Y(9) = 



'Ga)=(;;), 

'•G(3)=(-‘ _»), 
'•G(4) = (_\ _») , 

'CCS) = [_\ . 

‘'0(e) = i) . 

‘Oi^^ = (-1 -i) ■ 
'•G(8 )=(; \). 

‘0(0)= {I °). 


PA( 1 ) = 1 

\^F 2 ( 1 ) = 1 

PFi( 2 ) = 1 + V 

\^F2(2) = 1 

PFi(3) = 1 + V 

\^F2(3) = ! + % + 3V^y2 + 

PFi( 4) = 1 + ^y2 + 2V^2/2 + V^2/2 
\^F2(4) = 1 + ^y2 + 3V^2/2 + 
riFi(5) = 1 + ^y 2 + 

I ^F2(5) = 1 + 2% + SI + 3% V 

[ +3^2/1 + iSlSl + V^2/i 

riFi(6) = l + ^y2 +V^y2 
J ^^2(6) = 1 + 2Si + ^2/1 + -iSSy^ 

\ +iSiSl + ^SlSl + SlSl 
{^F^{7) = l+S2 + SlS2 
\^F2{T) = 1+S2 

l'^Fi(8) = l 
|^F2(8) = l + ^y2 

PFi(9) = 1 
RF2(9) = 1 


Table 3. C-inatrices, G-matrices, and T-polynomials for the same mutation sequence (I3J1) 
applied to the seeds of ^A. 


Write xl\z=o ^ ^ 2^ilz=o ^ ^ variables obtained by applying equations (13.151) and (13.1411 

respectively using the specialized F-polynomials Fj(y,0) in place of the generic T-polynomials Fj(y,z). 

Theorem 4.7. We have x*\ „ = and (y\\ 

Proof. To see the claim for coefficients we apply Theorem 12.91 and Theorem 13.141 along with Corollary 14.11 
and Proposition 14.61 to get 





2=1 


2=1 




brdi 


i=l 



Finally to see the claim for cluster variables we apply Theorem 12.101 and Theorem 13.151 along with Corol¬ 
lary [421 and Proposition 14.61 to get 


Rp _ 

■^3 ~ 


n 

2=1 


R t 

R9., 





2 = 1 


^;‘|p(y, 0 ) ^ 


□ 


Example 4.8. As an illustration of Corollaries 14.11 and 14.21 as well as Theorem 14.71 we now present the C- 
matrices, G-matrices, and E-polynomials for the right companion cluster algebra in Table 4 from which 
we invite the reader to directly verify these results. 
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^(1) = 1 

(J 


^(1) = 1 

(i 

?)' i 

CF2{1) = 1 

^(2) = 1 

(^» 


^(2) = 1 

(^» 

?)' i 

i^Fii2) = l + % 

[^ 7 ^ 2 ( 2 ) = 1 

^(3) = 

(^» 

-O' 

^(3) = 

(■» 

-O' i 

f«Fi(3) = l +V 

CF2{3) = 1 + % + %% 


(J 

-0’ 


(-3 

-O' 1 

r«Fi(4) = 1 + 3^2+ 3^1+ ^i 

^(4) = 1 

^(4) = 








[flF2(4) = l + ^2+V^2 


/ r> 

0’ 


(-3 

-O' 1 

r«Fi(5) = l + 3^2 + 3%2 + ^^3 

^(5) = 


^(5) = 



\ 





[ ^ 7 ^ 2 ( 5 ) = 1 + 2^2 + A 2 + A 1 A 2 

^(6) = 1 

(3 

A- 

^(6) = 1 

(-3 

-0 ■ ] 

f «Fi(6) = 1 + 3% + 3% + % + %% 
= 1 + 2% + % + %% 

^(7) = 

(-3 

h 

^(7) = 1 

(-3 

-O' i 

i%{7) = 1 + 3% + 3% + % + %^i 
[%i7) = l + % 

^(8) = 1 

(3 

-O' 

^(8) = 

(i 

-O' i 

\%i8) = l 
[%i8) = l + % 

^(9) = 

(0 

?)■ 

^(9) = 1 

(i 

O' i 

\%{9) = 1 
^fiF2(9) = l 


Table 4. C-matrices, G-matrices, and F-polynomials for the same mutation sequence (ITfl) 
applied to the seeds of -^4. 
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